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The Special Euclidean synchronization problem

- X Xt
Given: _ i {
X56 Xa5
@ Unknown group elements g
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Xi,...,Xn € SE(d)
@ Noisy relative measurements x 52 ok e x

R |
X,‘J‘NXI- Xj

Find: An estimate X = (%,...,Xn) € SE(d)" for the hidden states

Examples: Pose-graph SLAM, camera motion estimation, sensor
network localization, etc...

The problem: This is a high-dimensional, nonconvex
maximum-likelihood estimation = Computationally hard in general
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Suboptimal critical point Suboptimal critical point
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Contributions

In this work, we develop:

@ A convex relaxation of SE(d) synchronization whose
minimizer provides an exact MLE for non-adversarial noise

@ A specialized, structure-exploiting optimization method to
solve this relaxation efficiently

Payoff: SE-Sync, a certifiably correct algorithm for special
Euclidean synchronization
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Forming the maximum-likelihood estimation

X5 Xa
Assume the observation model: S0 s
B = R (6 — 6) + 3ty 6t ~ N(0, 75 o) 4
R,'j = RI-TRJ' . 5R;j, 5R;j ~ Langevin(ld,htjj) >—>>T' .
X2 X:
3 14 k=0
Here R ~ Langevin(M, k) means: 12 '
1 — k=8
T 0.8
p(R; M, k) = exp </~;tr(l\/l R)) 0s
cd (k) 0
0.2 /
T /2 0 /2 w
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Forming the maximum-likelihood estimation

X5 Xa
Assume the observation model: S0 s
By = R (t — t;) + 0ty, 6t ~ N (0,7 ) 4 hd
R,'j = RI-TRJ' . 5R;j, 5R;j ~ Langevin(ld,f{,;j) >—>>T' .
X2 X:
3 14 k=0
Here R ~ Langevin(M, k) means: 12 '
1 — k=8
T 0.8
p(R; M, k) = exp </~;tr(l\/l R)) 0s
cd (k) 0
0.2 /
T /2 0 /2 w
Then:

XMLE = argmin Z Kij
t-cRd . —
R.es0(d) (W)EE

2 - 2
- Tl =t = Ritgll
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Simplifying the maximum-likelihood estimation

2 = 2
o il =t = Rityll

‘%—%%

PmLE = min Z Kij
terd T
R:€50(d) (iy)€E

Solving for t £ (t1,...,t,) in terms of R £ (Ry,..., R,) using a
generalized Schur complement...
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Simplifying the maximum-likelihood estimation

2 = 2
o il =t = Rityll
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PmLE = min Z Kij
terd T
R:€50(d) (iy)€E

Solving for t £ (t1,...,t,) in terms of R £ (Ry,..., R,) using a
generalized Schur complement...

[Lots of algebra...]
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Simplifying the maximum-likelihood estimation

2 = 2
- Tl =t = Ritll

‘%—%%

e = min 3

]Rd
R; eSO(d) (ij)e€

Solving for t £ (t1,...,t,) in terms of R £ (Ry, ..., R,) using a
generalized Schur complement:

Simplified ML estimation

wie = _min tr(QRTR
PmLE Rersné?d)n r(Q )

Q=1L(6") + TTainQ: T
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Simplifying the maximum-likelihood estimation

2 52
- Tl =t = Ritll

‘%—%%

PmLE = min Z Kij
t,'G]Rd - —
R;€S0(d) (iJ)€€

Solving for t £ (t1,...,t,) in terms of R £ (Ry, ..., R,) using a
generalized Schur complement:

Simplified ML estimation

wie=_min tr(QRTR
PmLE RerSnO”(]d)” r(Q )

Q=L(G")+ TTnQ: T

Payoffs:
@ Simplified MLE is over
(compact) rotations only
o Data matrices L(G?), T, Q, N
have simple interpretations in G
(see paper)
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Forming the semidefinite relaxation

Simplified ML estimation

ie= _min tr(QRTR
PuLE = min (@R R)
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Forming the semidefinite relaxation

Simplified ML estimation

e = _min tr(QR'R
PuLe = min r(QR'R)
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Forming the semidefinite relaxation

Simplified ML estimation

Iy =
*

RTR = I | =0
x % Iy
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Forming the semidefinite relaxation

Simplified ML estimation

ly *
* *
RIR=|. ° . | =o
* % .- /d
RTR € {Z € 52| BlockDiagy(Z) = (ls..... Is) } 2 C
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Forming the semidefinite relaxation

Simplified ML estimation

Iy R
RTR— | " " -0
>;< * 1y
RTR ¢ {Z € S% | BlockDiagy(Z) = (/d,...,/d)} 20

But C is a spectrahedron, and therefore convex
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Forming the semidefinite relaxation

Simplified ML estimation Semidefinite relaxation

pépp = min tr(QZ)
ZeSsdn

e

s.t. BlockDiagy(Z2) = (lg,--., l4)

/d * *

* | *
RTr=|_ ¢ " |=o

x % -ee gy

R'R e {z € 8% | BlockDiagy(Z) = (Ig,- .., /d)} 2¢
But C is a spectrahedron, and therefore convex

= Expanding MLE's feasible set to C gives a convex relaxation
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The Main ldea

Simplified ML estimation Semidefinite relaxation

ko : ApT fop = min tr(QZ
pMLE—RErSncl)?d)ntr(QR R) Pspp zesin (QZ)

s.t. BlockDiagy(Z2) = (lg,---, l4)

Payoffs:
® pipp < PrLe (suboptimality lower bound)
e Z* = RTR with R € SO(d)" = R is MLE
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The Main ldea

Simplified ML estimation Semidefinite relaxation

ko : ApT fop = min tr(QZ
pMLE—RErSncl)?d)ntr(QR R) Pspp zesin (QZ)

s.t. BlockDiagy(Z2) = (lg,---, l4)

Payoffs:
® pipp < PrLe (suboptimality lower bound)
e Z* = RTR with R € SO(d)" = R is MLE

Proposition

Let Q be the data matrix constructed using the true relative
transforms x;;. There exists a constant B = B(Q) > 0 such that, if
IQ — Qll2 < B, then:

(i) The semidefinite relaxation has a unique solution Z*, and

(i) Z* = R*TR*, where R* € SO(d)" is a minimizer of MLE.
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Experimental results |: Cube datasets

Question: How do noise and problem size affect performance?
Test: Simulate random grid-world, varying «, 7, and n:
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e
g // = & <>
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/’// & <>
= =
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< A <
<> > <>
B s
<52 o=
<>
tj = R (tj — 1) + oty Sty ~ N(0,771y)
Rij = RiTRj - ORy;, dRjj ~ Langevin(ly, )

Baseline: Gauss-Newton using chordal initialization
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Experimental results |: Cube datasets
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Experimental results |: Cube datasets
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Experimental results Il: Pose-graph nchmarks

Gauss-Newton SE-Sync
# Poses | # Edges || Objective value | Time [s] Objective value | Time [s] | Max. suboptimality
sphere 2500 4949 1.687 x 10° 14.98 1.687 x 103 2.81 1.410 x 10~ 11
torus 5000 9048 2.423 x 10* 31.94 2.423 x 10* 5.67 7.276 x 101
grid 8000 22236 8.432 x 107 130.35 8.432 x 10% 22.37 4.366 x 10 11
garage 1661 6275 1.263 x 100 17.81 1.263 x 100 5.33 2.097 x 10~ 1
cubicle 5750 16869 7.171 x 107 136.86 7.171 x 107 13.08 1.603 x 10 T
rim 10195 29743 5.461 x 10° 575.42 5.461 x 10° 36.66 5.639 x 10~ 1T

garage
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Conclusion

Contributions:

SE-Sync: A certifiably correct algorithm for SE(d) synchronization

@ Recovers globally optimal estimates in a non-adversarial noise
regime (up to 10x typical levels)

@ Significantly faster than standard Gauss-Newton-based
approaches (3x-15x in our experiments)

Code: https://github.com/david-m-rosen/SE-Sync

Future directions:
e Extension to robust estimation w/ outliers

@ Generalization to polynomial optimization problems
(e.g. monocular and range-only measurements)
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Dirty laundry

Proposition

Let Q be the data matrix constructed using the true relative
transforms x;;. There exists a constant B = B(Q) > 0 such that, if

1Q — Qll2 < B, then:
(i) The semidefinite relaxation has a unique solution Z*, and

(i) Z* = R*TR*, where R* € SO(d)" is a minimizer of MLE.

But: How large is 37
e Empirically: Pretty large! (=10x typical for laser + camera)

@ Theoretically: No sharp results yet

e Propagation of distributions difficult to control
o Appears to be closely related to A\»(Q)
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Conclusion

Contributions:

SE-Sync: A certifiably correct algorithm for SE(d) synchronization

@ Recovers globally optimal estimates in a non-adversarial noise
regime (up to 10x typical levels)

@ Significantly faster than standard Gauss-Newton-based
approaches (3x-15x in our experiments)

Code: https://github.com/david-m-rosen/SE-Sync

Future directions:
e Extension to robust estimation w/ outliers

@ Generalization to polynomial optimization problems
(e.g. monocular and range-only measurements)

@ A priori bounds on admissible noise level
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